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Abstract

Unifying algorithms in model-free reinforcement
learning may bring success in a wide variety of
simulated domains. There are a multitude of
TD control algorithms in model-free RL, including SARSA and Q-learning, which are either onpolicy or off-policy algorithms. On-policy algorithms may offer stable learning, but at the cost of
high sample complexity. Off-policy algorithms
are often sample efficient but biased. In this
work, we present a novel approach for the first
time to unify on-policy learning with off-policy
learning in TD control. We aim to combine the
stability of on-policy TD learning with the efficiency of off-policy learning. In this paper, we
present a unified approach where TD our control
algorithm either uses on-policy sampled action
or off-policy samples depending on the amount
of exploration, extending ideas from the Q(σ) algorithm (Asis et al., 2017) which unifies existing
TD control algorithms for multi-step returns. Our
approach can also be extended for actor-critic
policy gradient methods, actor-critic(σ) where
the critic is updated either on or off policy based
on exploration. The unified approach is to tradeoff the benefits and limitations between on-policy
and off-policy policy gradient methods in RL.
We also present the Q(σ, λ) algorithm that uses
eligibility traces and trace decay λ parameter for
the Q(σ) algorithm. Our results are demonstrated
with linear function approximation to show the
effectiveness of our novel approach to unify and
trade-off on-policy and off-policy TD learning.
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1. Introduction
Model-free reinforcement learning (RL) is a promising
approach for solving goal directed behaviour, where an
agent interacts with an unknown environment to solve a
particular task (Sutton & Barto, 1998). Temporal difference learning methods (Sutton, 1988) are a fundamental
component of RL algorithms that allows learning to occur
directly from raw experience. TD learning often consists of
on-policy and off-policy methods. SARSA is an on-policy
TD learning algorithm that learns the agent policy directly
from raw experience. In contrast, Q-learning (Watkins,
1989)is a popular off-policy algorithm where a target
policy of the agent is learnt, but a different behaviour
policy is used to generate the behaviour of the agent. An
exploratory behaviour policy is often used to explore the
full state and action space.
Both on-policy and off-policy methods in RL have their
own advantages and limitations. On-policy methods such
as Monte-Carlo policy gradient methods (also known as
REINFORCE) (Peters & Schaal, 2006; Schulman et al.,
2015) often suffer from high variance estimates and
requires large number of on-policy samples. Off-policy
methods such as Q-learning and actor-critic methods
(Silver et al., 2014), in contrast are sample efficient as they
can use all samples including off-policy samples to explore
the state space. However, off-policy methods often suffer
from convergence issues, and an importance sampling
ratio term is included to correct for the difference in the
target and behaviour policy. Using importance sampling to
learn an off-policy often creates high variance estimates.

2. Proposed Approach
In this work, we unify the framework of on-policy and
off-policy learning based on approaches from the Q(σ) algorithm (Asis et al., 2017). The Q(σ) algorithm unifies TD
control methods such as SARSA and Tree Backup (Precup
et al., 2000), where based on the σ parameter, we can either
follow a SARSA update or an Expected SARSA (van
Seijen et al., 2009) update (same as Tree Backup for n-step
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returns). Tree backup can learn off-policy without the need
for importance sampling ratio that considers an expectation
over all actions in the backup; in contrast SARSA update is
based on a sampled action. We take a step further to unify
on-policy and off-policy methods based on the σ parameter.

algorithm.

The intuitions and contributions behind our work are as
follows. Based on the σ parameter, we either follow an
on-policy update (SARSA) or a Tree Backup (Expected
SARSA) off-policy update, where σ parameter is dependent on the amount of exploration of the state space. By
varying the σ parameter, we want to balance between
on-policy and off-policy learning. We want to develop
methods that are both sample efficient and stable, by combining the advantages of on-policy learning with efficiency
of off-policy learning. Our approach considers using a
”mixture” policy (consisting of on-policy and off-policy
samples) to learn a target policy. As an agent starts to
act in an unknown environment, we want to consider an
off-policy behaviour policy to explore the environment.
The TD target would then consider an expectation over
all possible exploratory actions (as in Tree Backup), since
in an unseen state, the agent should consider all possible
actions but then takes an action based on the target policy.
However, once an agent has sufficiently learnt about
unseen states in environment, we want to consider an
on-policy update (as in SARSA).

3. Q(σ) : Unifying On-Policy and Off-Policy
Learning

The contributions from this work can be summarised as
follows. We first demonstrate the use of both the on-policy
and off-policy Q(σ) algorithm with linear function approximation, with different σ schedules (static, varying
and exploration dependent σ parameter). We then present
our unified approach that uses a mixture of on-policy
and off-policy learning. This balances between either
using on-policy samples or off-policy samples based on
amount of exploration, trading off the advantages between
on-policy and off-policy learning. Our approach is also
demonstrated in the actor-critic policy gradient methods.
We present an actor-critic (σ) approach that combines
on-policy actor-critic (SARSA critic) and off-policy
actor-critic (Tree Backup critic) depending on σ parameter.
The critic can now be updated using either an on-policy
critic (SARSA critic) or an off-policy ciritc (Tree Backup)
depending on the σ parameter (and using similar σ schedules described above. Our unifying framework is then used
as a mixture critic update where the critic uses a mixture
consisting of on-policy and off-policy samples dependent
on amount of exploration. Additionally, we present the
Q(σ, λ) algorithm where the update uses λ-returns with the
use of eligibiity traces in case of function approximation.
This uses the computationally efficient bakward view TD
learning with eligiblity traces, but extended for the Q(σ)

The code for our implementations can be found
at : https://github.com/Riashat/Q Sigma Tree Backup
Eligibility Traces.git

In this section, we derive the key idea to unifying on-policy
learning with off-policy learning. Our algorithm can be
derived by observing the Q(σ) algorithm update equation
below. The generalised TD error for one-step Q(σ) can be
written, in case of function approximation as:

(1)

Gt



w
= Rt+1 +γ σt+1 Qw
t (st+1 , at+1 )+(1−σt+1 )Vt+1 )
(1)
(1)

δt = Gt − Qw
t−1 (st , at )

(2)

In the on-policy case, the actions are sampled from the
target policy a ∼ π(.|st ). Similarly, for the off-policy Q(σ)
one step update, the same update equation 2 is followed,
except the actions are sampled from a ∼ µ(.|st ) where µ
is the exploratory behaviour policy. For off-policy Q(σ),
the value function V w is computed based on expectation
over all possible exploratory actions.
We first present results for the windy grid world environment for both the on-policy and off-policy Q(σ) algorithm
with linear function approximation. In the windy grid
world, the agent can take four possible actions of right,
left, up and down. In the middle of the gridworld, the
agent can get affected by n upward wind which shifts the
resultant next state upwards. At each step, the agent can
receive a constant negative reward of −1 until the goal
state is reached.

Figure 1. On-Policy Q(σ)
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The obtained result for on-policy Q(σ)(Figure 1) shows
that that a higher average cumulative reward was obtained
when σ was varied by keeping a count of each state visited.
The Experiment was performed by varying sigma by four
different means. For decaying sigma we start with a sigma
value of 1 and decay this value at the end of each episode
by a factor of 0.95. For count based exploration sigma we
keep a count of each of the states visited in an episode and
vary the value of σ to either 1 or 0. We used the notion that
when σ = 1 the algorithm performs a SARSA update and
when σ = 0 the algorithm performs a Tree Backup update
which is an expectation over all possible actions. Since we
wanted to perform SARSA after a state has been visited
beyond a certain threshold. We used a threshold of 5 in this
case and consider that once a state has been visited more
than 5 times it is sufficient to perform a SARSA update
rather than taking an expectation over all possible actions.
We next performed the experiment by varying the value of
σ to 1 or 0 randomly which was generated from a binomial
distribution with a probability of 0.5. Finally we varied the
value of σ based on exploration strategy where during the
exploration phase we kept σ = 0 which performs a Tree
Backup update. The results were obtained by taking the
average cumulative reward over 20 runs.
We also take a similar measure of varying the value of σ
for off-policy Q(σ) and obtained the following results.

Our proposed approach for unifying in order to obtain a
mixture of on-policy and off-policy learning can then be
demonstrated by considering the TD target below

w
Vt+1
=

X

µ(a|st+1 )Qw (st+1 , aµ )

(3)

a

(1)

Gt



π
w
= Rt+1 + γ σt+1 Qw
t (st+1 , at+1 ) + (1 − σt+1 )Vt+1
(4)

Equation 4 shows that depending on the σ parameter
being either σ = 0 (SARSA update) or σ = 1 (Tree
Backup update), we either consider an on-policy update
with actions from a ∼ π(.|st ) or an off-policy update
with actions from a ∼ µ(.|st ). Additionally, if σ is varied
dynamically, we are considering a mixture where the target
consists of action value functions using both on-policy and
off-policy action samples. For our proposed approach,
we demonstrate that the σ parameter can be varied with
either σ = 0 or σ = 1 depending on the size of exploration.
Considering count-based exploration in grid world environments, if the agent has visited a state N number of times,
then we should consider an on-policy SARSA update (with
σ = 1), since the agent has explored the environment sufficiently. Similarly, if agent has visited the state less than
N number of times, then we consider that the state has not
been visited frequently, and so when arriving at that state,
the agent should consider a tree backup update, with expectation over all possible actions (for σ = 0). This expectation is over all possible exploratory actions.

Figure 2. Off-Policy Q(σ)

The results for off-policy Q(σ) algorithm in Figure 2
shows that a lower average cumulative reward was obtained when sigma was varied based on keeping a count of
the number of times a state has been visited in an episode.
This is justified by the fact that when the frequency of a
state being visited exceeds a threshold of 5, we are using a
value of σ = 1 which is infact a SARSA update. However,
this SARSA update is being performed by sampling the off
policy actions instead of on-policy actions as a result this
leads to the algorithm yielding a lower average cumulative
reward compared to other forms of variation of σ.

Figure 3. Unifying On-Policy and Off-Policy Learning

The results obtained for unifying on-policy and off-policy
Q(σ) learning is given in Figure 3. The experiment was
then performed by choosing the four possible ways to vary
σ. The results obtained thus show that varying sigma based
on keeping a count of the states visited and on exploration,
yields an overall higher average cumulative reward com-
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pared to randomly varying the value of σ by 0 and 1 and
decaying σ in each episode by a common factor.
We then compare the unified Q(σ) learning with on-policy
and off-policy Q(σ) the resutls of which is given in the
following.

δt = Rt+1 + γQw (st+1 , πθ (a|st+1 ))−Qw (st , at )

(8)

4.1. On-Policy Actor-Critic (σ)
By observing equations 5 and 8, we can similarly derive a
unified actor-critic approach, where the critic update would
depend on the σ parameter. In other words, the critic can
either be updated by using on-policy SARSA updates, or
by using an off-policy tree backup update, depending on
the σ parameter. The critic update can therefore be written
as

(1)

Gt
Figure 4. Comparing Unified Q(σ) with On-Off Policy Q(σ) Algorithm



= Rt+1 +γ σt+1 Qw (st+1 , at+1 )+(1−σt+1 )V w (st+1 )
(9)
(1)

Our results show that unifying on-policy and off-policy Qsigma yields a better result for for count based sigma exploration rather than the on-policy and off-policy Q(σ)(Figure
4).Thus we deduce that following a strategy of changing σ
based on exploration in a unified algorithm gives a superior
performance compared to on-policy and off-policy Q(σ)
alone.

δt = Gt − Qw (st , at )

(10)

wt+1 = wt + αδt ∇w Qw (st , at )

(11)

4. Unified Actor-Critic(σ)
The actor-critic is a widely used architecture based on
the policy gradient theorem (Sutton et al., 1999; Silver
et al., 2014; Peters & Schaal, 2008; Bhatnagar et al., 2007),
where the actor adjusts the policy parameters θ based on
the gradient of the cumulative reward ∇θ J(θ) by gradient ascent. The actor updates uses the approximate actionvalue function Qw (s, a) with parameter vector w. The
critic then estimates the action-value function such that
Qw (s, a) ≈ Qπ (s, a), using TD learning algorithm. The
critic and actor updates can be written as follows, for onpolicy actor updates
δt = Rt+1 + γQw (st+1 , at+1 ) − Qw (st , at )

(5)

wt+1 = wt + αδt ∇w Qw (st , at )

(6)

θt+1 = θt + α∇θ log πθ (a|s)Qw (s, a)

(7)

Similarly, for the off-policy actor critic (Degris et al.,
2012), the critic updates are based on off-policy TD learning such as Q-learning, such that the TD error is now

Figure 5. On-Policy Actor Critic and Unified Actor Critic

Figure 5 however shows that the naive on-policy actorcritic algorithm performs better than our proposed
actor-critic(σ) algorithm. This is because the on-policy
critic in actor-critic uses SARSA updates which is an
efficient on-policy algorithm known to perform well with
guaranteed convergence in case of function approximation.
Our proposed σ varying shedules does not perform well
for the on-policy actor-critic (σ) since the σ parameter at
times encourages the tree backup update which is known
to perform well during off-policy learning, considering
expectation over all samples. The SARSA update is based
on an action sampled using the current policy and therfore
the naive on-policy actor-critic is supposed to be working
better.
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4.2. Off-Policy Actor-Critic (σ)
Similarly, we can derive an off-policy actor-critic (σ) where
the critic would now be updated based on the off-policy
samples, and the σ parameter would unify off-policy n-step
SARSA with off-policy tree backup algorithm, similar to
equations in 10 and 11. The tree backup update in the critic
would use an expectation over off-policy action samples for
σ = 1 and sample an off-policy action for σ = 0.

(1)

Gt



= Rt+1 + γ σQw (st+1 , at+1 )+(1 − σ)Vt+1 (12)

Vt+1 =

X

µ(a|st )Qw (st , at )

(13)

a

(1)

δt = Gt −Qw
t (st , at )

(14)

wt+1 = wt +αδt ∇w Qw (st , at )

(15)

Figure 6. Off-Policy Actor Critic and Unified Actor Critic

Figure 6 however shows that our proposed actor-critic(σ)
algorithm performs better than the naive off-policy critic.
This is because the σ parameter encourages between
SARSA and Tree Backup now, where the actions are from
the exploratory policy. The tree backup considers expectation over all possible exploratory actions compared to Q
learning in off-policy critic, our proposed critic update rule
based on the σ parameter has better converges guarantees
and performs significantly better than the niave off-policy
actor-critic algorithm.

5. Unifying On-Policy and Off-Policy
Learning in Actor-Critic (σ)
From above, using an off-policy one-step SARSA update
for the critic with σ = 1 might not lead to convergence
of the action-value function. We therefore unify on-policy
and off-policy for actor-critic methods. The critic estimate
would now use samples from both the target policy and
the exploratory behaviour policy. The tree backup estimate
would use all off-policy actions for expectation whereas the
SARSA update would be based on on-policy samples. The
σ parameter can again be varied based on the amount of
exploration. Considering count based or -greedy exploration, during the exploration phase (where states have not
been suffiently visited or for large  values in -greedy, the
σ parameter during exploration phase can be set to 0 such
that the critic is updated based on an expectation over all
off-policy actions. During exploitation, σ = 1 and we use
on-policy sampled action for SARSA update in the critic.
This can be written for the TD error in the critic as follows

Figure 7. Unifying On-Policy and Off-Policy Actor Critic Methods

Interestingly, figure 7 shows that our proposed approach of
unifying on-policy learning with off-policy learning in case
of actor-critic methods performs better than our proposed
actor-critic(σ) on-policy and off-policy algorithms, with
exploration dependent σ. The result in figure 5 shows a
promising result that a mixture of on-policy and off-policy
learning can be used on actor-critic policy gradient methods. This may open doors for further research as policy
gradient methods, being on-policy and off-policy has their
own limitations. Therfore, a method that can unify both
on-policy and off-policy learning can perhaps lower such
limitations and drawbacks, such as sample complexity ahd
higher variance of on-policy policy gradients, Monte-Carlo
methods. Similarly, naive off-policy policy gradient methods often suffer from convergence issues. A method to
unify both can reduce sample complexity and variance in
gradeitn estimates, and also may ensure better convergence
guarantees.
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Figure 9. On-Policy Q(σ, λ)
Figure 8. Comparing Actor Critic with Unified On-Policy and
Off-Policy Actor Critic

Figure 8 further compares our proposed unified on-policy
and off-policy actor-critic method with the naive on-policy
actor-critic and off-policy actor-critic. Result in figure 8
shows that our proposed approach performs as much better as the naive on-policy actor-critic (where the critic is
updated using SARSA), and significantly better than the
off-policy actor-critic, with linear function approximation
in the windy grid world environment.

Fig 9 shows the results for on-policy Q(σ, λ) algorithm.
Our results show that varying σ with a count based exploration strategy gives a higher average cumulative reward.
The experiment was carried out keeping λ = 0.8.
Similar variations of σ was made for off-policy Q(σ, λ)
shown in Fig 6.2

6. Q(σ, λ) with Eligibility Traces
As an addition to our work, we also propose to the Q(σ, λ)
algorithm which has a simple incremental implementation
using eligibility traces. The Q(σ, λ) algorithm unifies onestep Q(σ) with Monte-Carlo methods. With the use of eligibiliy traces and the λ trace decay parameter, we can create algorithms with Monte-Carlo methods at one end (with
λ = 1) and one step TD learning (with λ = 0). The Q(σ, λ)
algorithm can therefore be unified for one step and multistep returns with a backward view implementation using
eligibility traces. For intermediate values of λ and with
different σ schedules, we can balance between SARSA and
Tree Backup updates in the n-step returns for the Q(σ, λ) algorithm. In this case, we also investigated Q(σ, λ) with dynamically varying σ and σ dependent on the amount of exploration, and results are shown for the case of linear function approximation. One future avenue of research would
be to again use a mixture policy, combining on-policy and
off-policy learning in multi-step n-step returns using eligibility traces. The following equations show the TD error
and the eligiblity trace updates for the Q(σ, λ) algorithm



δt = Rt+1 +γ σQw (st+1 , at+1 )+(1−σ)V w −Qw (st , at )
(16)

et ← σγλet−1 + (1 − σ)γλπet−1 + ∇w Qw

(17)

Figure 10. Off-Policy Q(σ, λ)

7. Conclusion and Future Work
We presented a unified approach to combine on-policy
learning with off-policy learning, inspired from the unifying Q(σ) algorithm. We studied our unified mixture policy
approach on both TD style algorithms and actor-critic
policy gradient methods. We presented a σ scheduling
parameter depending on amount of exploration of the
environment. If the agent encounters an unexplored state,
then it considers an expectation over all actions as in the
tree backup algorithm, whereas if the state has been visited
sufficiently, then it should exploit and sample an action
based on current policy as in the SARSA algorithm. We
show that our combined mixture on-polic and off-policy
algorithm can perform better than the naive approach. We
also presented our approach in case of actor-critic methods,
where the critic is updated based on the unified on and off
policy. This is to balance between the stable, unbiased
on-policy gradient estimation with the sample efficient offpolicy critic. Our method of unified actor-critic performs
better than the naive on-policy and off-policy actor-critic
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algorithm. Finally, as an extension to the Q(σ) algorithm,
we presented the Q(σ, λ) algorithm with eligibility traces.
Our results were all demonstrated in the windy grid world
environment with linear function approximation.
Our approach was limited to the case of linear function
approximation. However, it would be more interesting to
consider our unified mixture on-policy and off-policy approach to the case of non-linear function approximations as
in DQNs for solving large scale problems. A unifying onpolicy and off-policy approach for policy gradient methods
may reduce variance of policy gradient REINFORCE type
estimations and also make actor-critic methods more sample efficient. Furthermore, we presented results for onestep TD control. It would be interesting to see whether
similar performance can be achieved with multi-step methods. It would also be interesting to have theoretical proofs
and justifications for our proposed Q(σ, λ) algorithm, and
show its performance on other environments.
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